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We determine the maximum size of a family of subsets in {l, 2,..., n} with the 
property that if A,, A,, A, ,... are any members of the family with nAi = O, 
then uAi = (1, 2 ,..., n}. 
Many authors have considered problems involving extremal sized families 
of subsets of a set subject to restrictions on intersection and union. Results 
in this area are surveyed by [2,4, 51. This note treats a problem of this type 
and may serve as a simple example illustrating the simplification of problems 
on finite sets through graph representation. 
Let s = (1, 2,..., n} and let F be a family of subsets of S. Erdb, Ko, and 
Rado [3] proved that, if the members of F are pairwise intersecting but 
non-containing and their sizes are bounded by a fixed number k < n/2, 
then the maximum of 1 F 1 is (:I:). Therefore the maximum size of a Sperner 
system consisting of pairs of complementary subsets is 2 * (,,1;&,). Actually 
this statement is the weak version of a theorem by Bollovas [l]. From this, 
Kleitman observed that the maximum size of a family F satisfying the 
following condition is 2”-l + (t$,L1): for every two members A and B of F, 
if A n B = 0, then A u B = S. In this note, we consider the following 
analogous condition on F. 
(*> If -4 , A, ,..., Ali (k arbitrary) are any members of F, then 
a 5 cAi=S. 
i=l 
We shall prove that the size of such an F is at most 2”-l + 1. Moreover, 
we shall characterize the maximal families satisfying (*) and also those 
with the maximum size. First we need the following. 
DEFINITION. Let G be a graph. A covering of G is a collection of vertices 
in G such that every edge is incident with at least one vertex in the collection. 
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LEMMA. Let G be a graph on n vertices. If no vertex in G is isolated, then 
there are at most 2?‘-l + 1 coverings. 
Proof. Since the removal of any edge can only increase the number of 
coverings, we may assume that every edge in G is incident with a vertex of 
degree 1. Thus in every connected component of G, all edges must be incident 
with a common vertex. If we also know that G is a connected graph, then 
clearly there are exactly 2n-1 + 1 coverings. So we may assume that G is 
disconnected. Assume, say, G is the disjoint union of the subgraphs G, , G, 
with k, n - k vertices, respectively. We know that neither G, nor G, contain 
isolated vertices and that 2 < k :< n -- 2. By induction on n, there are at 
most 2k-1 + 1, 211-7c-1 + 1 coverings of G, , G, . But every covering of G is 
the union of a covering of G, with a covering of G, . So: 
the number of coverings of G 
< (2k-1 + 1)(2+-l + 1) 
< 211-2 + 21’~-3 + 2-3 f  1 
r 27’-1 + 1. 
THEOREM. The maximum size of a family F satisfying (*) is 2+l + 1. 
Proof. First the family consisting of all subsets which contain the 
element 1 plus the single set (2, 3,..., n} is a family satisfying (*) with size 
2n-1 + 1. Assuming F is a maximal sized family with the (*) property, 
we need only show that j F 1 < 2+l + 1. 
Let G be the graph on the vertices 1,2,..., n such that a pair (i, j) is an edge 
in G if and only if (i,j} intersects every member of F. So every member of F 
is a covering of G. Claim no vertex in G is isolated. Let i be an arbitrary 
element in S. Of course i # u {A 1 i $ A E F}. From the (*) property, there 
exists j E n {A 1 i 6 A E F}. This means that i is adjacent to j. The theorem 
now follows directly from the above lemma. 
DEFINITION. Let a connected graph with two or more vertices be called a 
star if all edges in the graph are incident with a common vertex. 
COROLLARY. A family F with the (*) property is maximal if and only tf it is 
the set of all coverings of a graph on the vertices 1, 2,..., n in which every 
component is a star. Moreover, for n > 4, F has the maximum size 2”-’ + 1 
only if there exists i E S such that 
F = {A C S ( i E A} u (S - {i}]. 
Discussion. Consider the (*) condition with a fixed k > 3 instead of an 
arbitrary k. We ask what is the maximum size of a family F satisfying this 
modified condition. The author believes that the answer should be close to 
2”-l + 1. 
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